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Abstract 

A Catenary curve is the geometric term for the shape formed by a flexible chain or rope 

suspended from two points. An arch’s strength also lies in this curve; an inverted catenary makes 

the strongest arch. This paper will also discuss how a catenary curve is different from a parabola 

and why an inverted catenary curve makes the strongest arch. A Brachistochrone curve is the 

curve of fastest decent. And a tautochrone curve is the curve for which the time taken by an 

object sliding to its lowest point is independent of its starting point. For all of these curves the 

only force acting on it is gravity. Brachistochrone and Tautochrone are problems involving 

curves and time. This paper aims to understand and derive these curves using calculus II 

methods. The Tautochrone curve and the pendulum clock with its cycloidal arcs are also 

expanded on. This paper will also feature examples of the curves. Understanding of these curves 

puts everyday life into perspective. For example, The St. Louis Arch is the tallest monument and 

it models a weighted catenary curve. A pendulum clock giving time, always gives the same time 

no matter how long or short the arc of the pendulum. Math is really all around us, only just 

harder to spot. 
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 Gravitationally Inclined Trio 

Catenary, Brachistochrone and Tautochrone Curves 

Catenary Curve: An Overview and History 

 The Catenary curve is formed by a power line hanging between two points, this is a free 

acting flexible cable and of uniform density. The only force acting on it is gravity. “The shape of 

this natural curve can be derived from a differential equation describing the physics behind a 

uniform flexible chain hanging by its own weight” (Gil, 2005). The catenary turns out to be a 

hyperbolic cosine so it is an excellent enlightening example to introduce the hyperbolic 

trigonometric functions, but it can also be used to motivate and illustrate many different concepts 

across the entire mathematics curriculum. In fact, it is a wonderful didactic tool in calculus, 

differential equations, differential geometry, calculus of variations, and even in numerical 

analysis. 

This fascinating curve has amazing properties that are always worth revisiting. For 

instance, the nonlinear differential equation that characterizes the catenary is solely dependent on 

cosh x. On one hand we know this is a free acting curve and therefore is independent of its 

weight, but on the other what is the connection between the catenary and minimal surfaces? 

What does the catenary minimize? Why does the catenary make the strongest arch? The goal of 

this paper is to offer straightforward answers to some of these questions. 

To begin with we have a fascinating history that revolves around the catenary. In 1690, 

Jakob Bernoulli issued a challenge to the mathematical community to determine the geometry of 

the catenary- a free hanging chain. The problem appeared in the Acta Eruditorum (an important 
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international mathematical journal of the time). Johann Bernoulli (Jakob's younger brother), 

Gottfried Liebniz, and Christian Huygens each independently solved the problem, and all three 

solutions appeared in the Acta in 1691. Johann Bernoulli included his solutions in his Lectures 

on the Integral Calculus (Creative Commons, 2009). 

Math Elucidation 

                    

 Fig 1        Fig 2    Fig 3 

 To solve this problem, let’s look at Fig 1 there three forces, two of which are 

forces F1 and F2 at A and C, each individually pulling in a direction tangent to the curve, and 

there is a downward force F3 due to gravity because of the weight of the curve. F3 is acting at the 

center of gravity of the chain. 

Now suppose we locate the lowest point B of the catenary and place the origin of our 

coordinate system at B (Fig 2). We know that at B, the tangent line to the curve will be 

horizontal. We also take an arbitrary point D(x,y) on the chain (to the right of B) and we wish to 

find the relationship between x and y. Now suppose we fasten the chain at B and remove the part 

of the chain to the left of B. We also fasten the chain at D and remove the part of the chain to the 
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right of D. The shape of the curve between B and D will be unaffected, and the three forces 

acting on it are as before, except that now F1 is horizontal at B, F2 is at D and tangent to the 

curve, and F3 acts on the center of gravity of the remaining piece of chain. Since the chain is in 

equilibrium (i.e. it is not moving), the net force on it is zero. This means that the horizontal 

component of F2 must equal F1 and the vertical component of F2 must equal F3. Also, the force 

F3 is the weight of the chain from B to C, which is the length of the chain s times its density ρ. 

F1=F2cos α     and     ρs = F2sin α …… (1) 

Solving the first equation for F2, plugging into the second equation, and solving for s we obtain 

S = (F2/ρ) sinα = (F1/ρ cos α) sin α = k tan α …….(2) 

Where k = F1ρ. Now if the equation of the catenary is y = f(x), then the arc length from B = (0,0) 

to D = (x , f(x)) is 

S = ∫  
 

 
     ( )          ……… (3) 

And since tanα is the slope of the tangent line at D, we have that 

∫  
 

 
     ( )      = k⋅f′(x) ……… (4) 

Differentiating both sides we obtain the differential equation 

      ( )      =k⋅f′′(x) ………… (5) 

Solving this differential equation we get f′′(x) = y = e
αx

 + e
-αx

 / 2α, the condition y(0) = 0 leads to 

the solution y= (-1/α) + (1/α) cosh (αx). Although α seems to depend on μ, the shape of the 

catenary is independent of the weight density. In fact, is uniquely determined by the endpoints 

and length of the curve. (Creative Commons, 2009 and Gil, 2005) 
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How is a parabola different from a catenary? 

 The catenary and the parabola are two different curves that look generally similar, in that 

they are symmetrical and have a cup shape, going up infinitely on either side of a minimum. The 

parabola, in its simplest form, is y = x
2
while the catenary is defined by the hyperbolic cosine:   y 

= cosh(x) = (e
x
 + e

-x
)/2. The catenary is slightly more flat at the bottom, and it rises faster than 

the parabola for large values of x. The St. Louis arch, or a hanging cable, takes the shape of  a 

catenary, while the cables on a suspension bridge form a parabola, this is a result of the physics 

of each situation (Dr. Peterson, Math Forum). 

Model in Real Life of a Catenary 

 The strongest arch in an inverted catenary curve, and there is a saying to reiterate this. 

“As hangs the flexible chain, so inverted stands the rigid arch” (Robert Hooke). In other words, 

the geometry of a standing arch should mirror that of a hanging chain. In modern calculus, it is 

possible to find the solution of the optimal shape for a hanging chain via a minimization 

problem, because the goal is to minimize tension. In contrast the strongest shape for an arch is a 

maximization problem, because we wish to find the shape with the most compression of forces.  

The Catenary curve is also related to exponential growth and decay curves according to Paul 

Calter a retired math professor from Vermont. So in classic catenary shape, the descending 

portion of the curve behaves like exponential decay while the rising portion of the curve exhibits 

the characteristics of exponential growth. Calter pointed out that when you fit the two 

exponential curves together you get a catenary (Ouellette, 2010). 

The shape of the Gateway Arch in St. Louis is often described mistakenly as a catenary. 

In fact, the equation on which the arch is based is y = ƒ A cosh (Bx) + C; which is a catenary 

only if A = 1/B. For the Gateway Arch, A, B, and C are numerical constants, with A 
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approximately equal to 0.69(1/B). As a result, those who wish to be more accurate describe the 

shape of the Arch as a “modified catenary” or, more often, a “weighted catenary”. A weighted 

catenary is a weighted chain C in which: (i) -∞< f '(x1) < 0 < f '(x
2
) < ∞, (ii) f ''(x) is continuous 

and positive, (iii) For x1 ≤ X ≤ x2. 

At first sight it would appear to be a very different situation from that of an arch 

supporting a bridge, since it supports nothing except its own weight. On closer look, however, 

the fact that the Arch is tapered means that the weight supported at each level is not determined 

just by the length of the arch above it but by an integral with respect to arc length of a function 

exactly analogous to the density function for a weighted chain. Finnish architect Eero Saarinen 

didn’t copy the classic catenary shape perfectly when he designed the St.Louis landmark; he 

elongated it, thinning it out a bit toward the top to produce what one encyclopedia entry 

describes as a “subtle soring effect”. But the Saarinen’s catenary variation is more than an 

aesthetic choice. He designed it in consultation with the architectural engineer name Hannskari 

Bandel, who knew that the slight elongation would transfer more of the structure’s weight 

downward, rather than outward at the base, giving the arch extra stability.  The reason being, an 

inverted catenary is extremely stable horizontally, but it is less so vertically (Ouellette, 2010). 

Consequently, the physical Gateway Arch is reasonably well modeled as one of a class of 

geometric shapes that are of interest in their own right (Osserman, 2010), where y = 693.8597 – 

68.72 cosh(0.010033x). 

Brachistochrone Curve:  Overview and History 

 Historically and pedagogically, the prototype problem introducing the calculus of 

variations is the “brachistochrone”- from Greek for “shortest time”. Let’s suppose that a particle 

of mass m moves along some curve under the influence of gravity from point ‘a’ to point ‘b’. 
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Assuming the motion is in two dimensions and that point ‘a’ is above point  but not directly 

above ‘b’, the question is what is the path of the particle for which the time to get from ‘a’ to ‘b’ 

is minimized. This is the brachistochrone problem, which was posed by Johann Bernoulli in 

1696. He posted this problem in June of the same year in the Acta Eruditorum.  

 One might be tempted to rummage through the brain for long forgotten high school math, 

from which we know the shortest distance between two points is a straight line, but the shortest 

does not mean the fastest. Galileo proposed, in 1638, that a curve which is an arc of the circle 

will be the fastest distance. But is follows that the steeper the curve between the two points the 

faster the decent. This is a minimization problem, where we are attempting to find the least 

possible amount of time it takes a ball to descend. Because there is more than one quantity that is 

varying, the solution to this would involve taking into account all possible solutions between the 

two points. In the process of uncovering the solution to this puzzle the calculus of variations was 

born. This is a calculus with an infinite number of variations. One would normally try to find the 

optimum value for a single variable (x), but in the case of the brachistochrone problem, it is 

necessary to integrate over all possible curves to find the optimal solution, thus selecting one 

curve from an infinite number of possibilities. “Five people solved the problem posed by Johann 

Bernoulli: Johann himself, his brother Jakob, Guillaume Francois Antoine, Marquis de L’Hopital 

and the two founders of calculus, Leibnez and Newton” (Ouellette, 2010). 

Math Elucidation 

 The result of the brachistochrone problem is a cycloid, whose curve from point ‘a’ to 

point ‘b’ will provide the fastest descent. The inverted arch of this cycloid was proved by Johann 

Bernoulli to be the curve of fastest descent or the brachistochrone curve.  
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The parametric equations of this curve are: 

      (      )  y =  (      )          

The curve traced out by a point on the circumference of a circle as the circle rolls along a straight 

line is called a cycloid: (Stewart, 2012)  

 Johann Bernoulli's solution divides the plane into strips and he assumes that the particle 

follows a straight line in each strip. The path is thus piecewise linear. The problem was to 

determine the angle of the straight line segment in each strip and to do this he appeals to Fermat's 

principle, namely that light always follows the shortest possible time of travel. If   is the velocity 

in one strip at angle α to the vertical and u in the velocity in the next strip at angle β to the 

vertical then, according to the usual sine law 
 

     
 

 

    
. In the limit, as the strips become 

infinitely thin, the line segments tend to a curve where at each point the angle the line segment 

made with the vertical becomes the angle the tangent to the curve makes with the vertical. If v is 

the velocity at (x, y) and α is the angle the tangent makes with the vertical then the curve satisfies 

 

     
 = constant. Galileo had shown that the velocity   satisfies    √   , (where g is the 

acceleration due to gravity) and substituting for v gives the equation of the curve as 

√
 

    
 = constant or y = k

2
 sin

2
α . Use y' = 

  

  
 = cot α and sin

2
α = 

 

(         )
 = 

 

      

to get,  (     ) = 2h for a constant h (  
 

 
  ). The cycloid  ( )    (       )   

 ( )     (         ), satisfies the equation. To prove: 

     
  

  
  

  

  
  

  

  
    (     ) (         ) 

 (     )     (         )(        (       ) )    (                 (       )) 

   ((         )        ) (         )    (          ) (       )       

(O’Conner and Robertson, 2002).  
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 This solution also paved way for the Tautochrone problem, when Huygens had shown in 

1659, prompted by Pascal's challenge about the cycloid, that the cycloid is the solution to the 

tautochrone problem, which defines the curve for which the time taken by a particle sliding down 

the curve under uniform gravity to its lowest point is independent of its starting point. 

Tautochrone Curve:  An Overview and History 

The tautochrone curve also known as isochrones means same / equal time in Greek. This 

curve defines the time taken by an object sliding from a point on the curve to its lowest point is 

independent of its starting point. Meaning, no matter where a ball is rolled on the curve the time 

it takes to reach its lowest point is always the same. In another experiment, we can say that, if 

you were to upturn a cycloid, in the manner of an inverted arch, and then release a marble from 

any point on it, it would take exactly the same time to reach the bottom, no matter where on the 

curve you started from. Huygens solved this problem and came to the conclusion that the curve 

is a cycloid and the time is equal to π times the square root of the radius over the acceleration of 

gravity. 

 In 1658, Blaise Pascal put forward a challenge for solving the area under a segment of a 

cycloid and also its center of gravity. In 1659, motivated by Pascal challenge, Huygens showed 

experimentally that the cycloid is the solution to the tautochrone problem, namely that of finding 

a curve such that the same time is taken by a particle rolling down to its lowest point, under 

uniform gravity, no matter what the starting point (Gomez and Marquina, 2008). Huygens 

proved this theory geometrically in his Horologium oscillatorium, originally published in 1673. 

Huygens also proved that the time of descent is equal to the time a body takes to fall vertically 

the same distance as the diameter of the circle which generates the cycloid, multiplied by π⁄2. In 



Gravitationally Inclined Trio  11 
 

modern terms, this means that the time of descent is  √
 

 
 where r is the radius of the circle which 

generates the cycloid and g is the gravity of Earth. 

Model in Real Life of a Cycloid 

 Though the problems differ the solution to both the brachistochrone problem and the 

tautochrone problem is the same, a cycloid. Huygens solution to his problem paved way for 

Johann Bernoulli to solve his brachistochrone problem in turn. Therefore, Johann Bernoulli 

ended his solution of the brachistochrone problem with these words:- 

Before I end I must voice once more the admiration I feel for the unexpected identity of 

Huygens' tautochrone and my brachistochrone. I consider it especially remarkable that 

this coincidence can take place only under the hypothesis of Galileo, so that we even 

obtain from this a proof of its correctness. Nature always tends to act in the simplest way, 

and so it here lets one curve serve two different functions, while under any other 

hypothesis we should need two curves ... (Johann Bernoulli) 

And Huygens used his discovery to design a more accurate pendulum – one with curved jaws 

from the point of support that forced the string to follow the right curve no matter how large or 

small the swing. 

 The tautochrone problem was studied more closely when it was realized that a pendulum, 

which follows a circular path, was not isochronous and thus this pendulum clock would keep 

different time depending on how far the pendulum swung. After determining the correct path, 

Christian Huygens attempted to create pendulum clocks that used a string to suspend the bob and 

curb cheeks near the top of the string to change the path to the tautochrone curve. After a lot or 

errors he finally reduced the "circular error" of a pendulum by decreasing the length of the 
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swing. The period of a simple pendulum of length l is     √
 

 
 in the limit of small 

amplitudes; but for larger amplitudes the period is a function of the amplitude, an undesirable 

feature. Huygens' ingenious idea, which he put into practice, was to vary the effective length of 

the pendulum by allowing its cord to wrap partially around an obstruction as it swings. What 

should the shape of this obstruction be, in order to ensure that the period is strictly independent 

of the amplitude? Consider the parametric equations x = ρ (       ) y = ρ (       ) which 

describe the locus of a point on the circumference of a circle of radius ρ that rolls under a straight 

line.  

 A pendulum of length l, consisting of a flexible cord and a heavy bob, swings from a 

fulcrum at the origin, partly wrapping around the cycloid. At a given time, t, suppose that the 

coordinates of the point at which the pendulum cord just leaves the cycloid are (x; y), these 

coordinates being related by the above parametric equations. Then the length of cord that is 

so wrapped is  

   ∫ √          
 

    

 

    ∫    √(       )        
 

 

       ∫             
 

 

 

   
 
    [         ]  

     [  √
      

 
] 

 

The total length of the pendulum is l, the part that is still straight at time t has length      and so 

the coordinates of the bob are (X, Y ), with     (   )      and     (   )      
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where tan   is the slope of the cycloid at (x, y), and hence of the straight part of the pendulum. 

Clearly, tan   = 
  

  
 = 

     

      
from which it follows that        √

      

 
 and       √

      

 
 

These results lead to 

  (    )         (       ) 

  (    )         (       )  

If we chose   
 

 
  the equations simplify to  

    (      )                     (      )  

And the time derivatives of these coordinates are 

     (      )                         

And so the speed of the bob is,  

          =    √((      )   (    )       √ (      ) 

The potential energy of the bob is     and the conservation of energy gives 
 

 
        

        and this is equivalent to      (      )    (      )          , which can ve 

written in the form      (      )   (          ) where   - a constant whose 

interpretation is shortly elucidated is. This can be integrated. 

   ∫
  

 
  √

 

 
 ∫   √

      )

(          )
 

Clearly   cannot be greater than   , for t would then be complex, so we identify    as the 

extreme angular excursion of the Huygens pendulum. Integration over the domain        

corresponds therefore to one quarter of a complete period, T, of the pendulum. Hence 

   √
 

 
 ∫   

 

 

√
      )

(          )
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And with substitutions where    
      )

(          )
 and   

 

 
  we get 

 T =  √
 

 
 ∫    

 

√ (   )
    √

 

 

 

 
 . We conclude that the period of the Huygens pendulum is 

indeed independent of   , i.e. independent of the amplitude of the oscillation. Moreover, it 

agrees with the period of a simple pendulum of length l, in the limit of small amplitudes, as 

should be the case (Atkinson). 

Conclusion 

 Math nearly 200 years old has a fascinating history and logic devoted to it. These curves, 

catenary, brachistochrone and tautochrone, though simple have a notable impact in our everyday 

lives. Be it from the hanging chain to the pendulum clock, we need these curves and what they 

represent, 200 years old ingenuity. 
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